
A Recurrence for Every Third Fibonacci Number

Define the Fibonacci numbers by

Fn = Fn−2 + Fn−1, F1 = 1, F2 = 2.

Thus the sequence begins
1, 2, 3, 5, 8, 13, 21, 34, . . .

After F2 = 2, every third Fibonacci number is even:

F2 = 2, F5 = 8, F8 = 34, F11 = 144, . . .

This follows from the parity pattern of the recurrence: odd + even is odd, odd + odd is even, and
even + odd is odd. Hence the parity pattern repeats every three terms.

We would like a recurrence that jumps directly from one of these even Fibonacci numbers to the
next, without calculating the two intervening terms.

Starting with the Fibonacci recurrence,

Fn+3 = Fn+1 + Fn+2

= Fn+1 + (Fn + Fn+1)
= Fn + 2Fn+1. (1)

Now write Fn+1 = Fn + Fn−1:

Fn+3 = Fn + 2(Fn + Fn−1)
= 3Fn + 2Fn−1

= 3Fn + 2(Fn−3 + Fn−2). (2)

Applying (1) three indices earlier gives

Fn = Fn−3 + 2Fn−2,

so
2Fn−2 = Fn − Fn−3.

Substituting this into (2),

Fn+3 = 3Fn + 2Fn−3 + 2Fn−2

= 3Fn + 2Fn−3 + (Fn − Fn−3)

= 4Fn + Fn−3 .

Therefore,
Fn+3 = 4Fn + Fn−3 .

This identity relates every (n + 3)rd Fibonacci number directly to the nth and (n − 3)rd terms.
In particular, because the even Fibonacci numbers occur every three terms, it gives a recurrence
involving only even Fibonacci numbers.
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